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Abstract

This work in progresspaperpresentsa methodologyfor rea-
soningaboutthecomputationalcomplexity of functionalpro-
grams,whichareextractedfrom proofs.
We suggesta first orderarithmetic

�����
which is a syntactic

restrictionof Peanoarithmetic. We establishthat the setof
functionswhichis provably total in

��� �
, is exactlythesetof

polynomialtime functions. This resulthasbeenacceptedat
Conferenceof the EuropeanAssociationfor ComputerSci-
enceLogic (CSL),2001.
Comparedto othersfeasiblearithmetics,

��� �
is surprisingly

simpler. Themainfeatureof
��� �

concernsthetreatmentof
thequantification.Therangeof quantifiersis restrictedto the
setof actualtermswhich is thesetof constructortermswith
variables. The secondfeatureconcernsa restrictionof the
inductive formulas.
Although this paperaddressessometheoreticalaspectsof
programextractions,it is relevant for practicalissue,in the
longterm,becausecertifyingthecomputationalresourcecon-
sumedby aprogramis achallengingissue.

Intr oduction
From Heyting’s semanticand the Curry-Howard isomor-
phism, we know how to extract a programfrom a proof
whosedenotationis the conclusionof the proof. Several
systemsrely onthisconcept,likeNuprl andCoq.Thosesys-
temsallow oneto constructa correctprogramfrom a speci-
fication. However, theefficiency of theprogramobtainedis
notguaranteed.But,efficiency is acrucialpropertyof arun-
ningimplementation.Constablepointedoutthispracticalis-
sue.Benzinger(Benzinger1999)hasdevelopedaprototype
ACA to determinetheruntimeof Nuprl-extractedprograms.
For this, ACA determinesanupperboundon thenumberof
reductionstepsof a Nuprl programby solving recurrence
equations.Thereareseveral other relatedapproaches,see
for example(Métayer1988;Flajolet,Salvy, & Zimmermann
1990;Crary& Weirich 2000),which arebasedon counting
computationalresources.

Here, we ratherproposea proof theoreticalmethodto
analysethe runtimecomplexity of extractedprograms.We
shallbriefly describethesystem��� 	 in thenext Sectionfor
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whichthesetof provablytotal functionsis exactly thesetof
polynomialtime functions. For a full descriptionof ��� 	 ,
consult(Marion2001).

Up to now, ��� 	 can prove the terminationof first or-
der functionalprogramswhich aresimply basedon primi-
tive recursiontemplates.However, ��� 	 is anopensystem
in which we candealwith otherdata-structuresandwe ex-
pect to shortly incorporateother inductionschema,which
encompassother algorithm patterns,and deal with higher
typeconstructions.

Thegoalof the long termresearchis to provide a frame-
work to provide an analysisof an extractedprogram,from
whichwecan(i) deducethecomplexity of theprogramand
(ii) alsohave hints to automaticallytransformtheextracted
programinto a moreefficient one. Let us explain whatwe
meanby consideringfirst orderfunctionalprogrammingar
rewrite rules. We have usedterminationproofsin (Marion
2000;Marion& Moyen2000)to answerpartially to (i) and
(ii). For this, we have definedresctrictionsof a termina-
tion ordering,in sucha way that a terminatingprogram�
computesa polynomialtime function.Theinterestingpoint
is that the � can be evaluatedin exponentialtime (in the
numberof reductionsteps),but denotesa polynomialtime
function.Thishappenswith recursivespecificationsof prob-
lemswhichareefficiently solvedby dynamicprogramming.
In our case,theterminationproof givesinformationto con-
struct a call by value interpreterfor � with a cache. The
cachememorizesthevalueof recursive call which shallbe
usedlateron. Moreover, becauseof the terminationproof,
weknow how to maintainthesmallestpossiblecache.

In otherwords,thegoal(or thedream)of this researchis
to extracta correctandefficient programfrom the termina-
tion proofswith guarantedcomplexity.

Let us finish this discusionby wonderingwhy the ex-
tractionof efficient programsis a difficult task. The tradi-
tional meta-theoryof programreasoningfails to dealwith
sucha questionbecauseanalysinga specificationto extract
a “good” algorithmis anintentionalproperty. On theother
hand,Theoryof ComputationalComplexity theory (TCC)
delineatesclassesof functions,which arecomputablewith,
boundedresources.TCC characterisationsareextensional,
that is all functionsof a givenclassarecaptured,but most
of the “good” algorithmsaremissing. Runtimeanalysisof
programsnecessitatesto reasonon programs,or on proofs



in the “proofs-as-programs”context. For this, we needto
develop� logicsto studyalgorithmiccontentsof proofs.

A feasiblearithmetic
Termsaredivided into differentcategorieswhich arelisted
in Figure1. Actual termsarebuilt up from constructorsof


, andvariablesof � , andforms the set ��� 
�� ��� . The
logical rulesof ��� arewritten in Figure2.

The differencewith the ��� ��������� -fragmentof the mini-
mallogic is theactualeliminationquantifierprinciplewhich
is obtainedby the

� �"!
-rule.

Now, weextend ��� to anarithmetic���#�%$&� in orderto
reasonaboutthefreewordalgebra��� 
 � . Thesetof words
is denotedby a unarypredicate$ togetherwith the rules
displayedin Figure3.

Following Martin-Löf (Martin-Löf 1984) and
Leivant (Leivant 1994a; 2000), the introduction rules
indicate the constructionof words, and the elimination
rules specify the computationalbehaviour associatedwith
them. Both elimination rules, that is the induction rule
andthe selectionrule, arenecessary, becauseof the actual
elimination quantifier principle. Indeed, the induction
rule schemaInd ��$&� correspondsto the usual induction.
However, the rangeof the universalquantifieris restricted
to actualterms.So,thelastquantifierof theinductionfilters
the instantiationthroughthe

� � !
-rule. Roughlyspeaking,

an induction is guardedby a universal quantifier, like a
proof-netbox in linearlogic.

Ontheotherhand,theselectionruleexpressesthataword'
is eithertheemptyword ( , or )+*��%,-� for someterm , . We

shall employ the selectionrule to perform definitions by
casesover words. Unlike the inductionrule, the term

'
in

the conclusionof the selectionrule canbe any term. It is
worth noticing that the applicationof the selectionrule is
restricted.Thereis noapplicationof

� �"!
-rule in thederiva-

tions .0/21 and .0/43 . Thus,we prohibit nestedapplicationsof
inductionrule, insidetheselectionrule. Otherwiseit would
bepossibleto unguardaninduction.

Reasoningover programs
An equationalprogramf is a setof (oriented)equations5 .
Eachequationis of theformf �6� 7 �98:898;� �=<-�>� '

whereeach�=? is anactualterm,andcorrespondsto a pattern.Theterm'
is in �#� 
@�BAC� ��� andeachvariableof

'
alsoappearsin

f �D�;7 �98:8:8E� �=<F� .
Definition A confluentequationalprogramf computesa
function G G f H H over �I� 
 � which is definedasfollows.
For each JK? �BL M �I� 
 � , G G f H HN��J 7 �98:8:8E� J < �PO L
if f the normal form of f �%J 7 �:8:898Q� J < � is

L
, otherwiseG G f H H��%JI7 �:8:898;� JK<-� is undefined.

Let f beanequationalprogram.We define���I� f � asthe
calculus���I�%$&� extendedwith thereplacementrulebelow,R G SUTVHR G WXTVH R

where �%WY�ZS � M 5 and T is a substitution�[�Z�I� 
@� ��� .

Definition A function \ of arity ] is provably total in�^�I�%$&� if f there are an equationalprogramf such that\#O_G G f H H anda derivationin ����� f � of`Eacb � f �ed �Uf 7 8:898Bf < g $h� f 7:� �:898:8Q� $h� f <=�c�i$h� f � f 7 �98:8:8;�4f <0�4�

Definition A formula
R G f H is an induction formula if�Uf g $h� f �0� R G f H is theconclusionof aninduction.Define�^� 	 �%$&� astherestrictionof �^�I�%$&� in which induction

formulasarejustconjunctionsof predicates(i.e. atomicfor-
mulas).

Theorem [Main result] A function \ is polynomial time
computableif and only if the function \ is provably total
in �^� 	 .
Example We begin with the word concatenationwhose
equationsarejckcl

��( �Bm �n� mjckol
��)+*�� f � �4m �>�h)9*N�

jckol
� fE�4m �B� pEOrq �:s

Thederivation . t�uNv in Fiugre4 showsthattheconcatenation
is aprovably total functionof �����

jckol
� .

Noticethat theterm
m

is any term,andso
m

canbesub-
stitutedby a non-actualterm. Let us investigatethe word
multiplicationwhoseequationsarew0x=y ��( �Bf �e�Z(w0x=y �z) * ��,-� �Bf �e�

jckol
� fE� w-x=y �%, �Bf �B� pEOrq �9s

The word multiplication is a provably total functionasthe
derivationin Figure5 shows it.

Now, considertheequationsdefiningtheexponential:{o|o} ��(~�>�Z)9�0��(c�{c|X} ��)+*��%,-�B�>�
jckcl

� {o|X} �%,-� � {c|X} �%,-�B� pQOrq �:s
In orderto establishthattheprogram{o|X} definesaprovably
total function,we have to make aninduction.At theinduc-
tion step,undertheassumptions$h� {o|X} ��,F�4� and $h�%,-� , we
have to prove $h�

jckol
� {o|o} �%,-� � {o|X} ��,F�4�B� . However, {o|X} ��,-�

is notanactualterm,andsowecannot“plug in” thederiva-
tion . t�uNv to conclude.

Relatedworks
Oneof themainadvantageof the system��� 	 compareto
otherapproachesis that ��� 	 is conceptuallysimpler. Theo-
riesof feasiblemathematicsoriginatewith Buss(Buss1986)
on boundedarithmetic. Subsequently, Leivant (Leivant
1991)establishedthatthefunctionsprovablytotal in second
order arithmeticwith the comprehensionaxiom restricted
to positive existentialformulas,areexactly the polynomial
time functions. Leivant (Leivant1994a)alsotranslatedhis
characterisation(Leivant 1994b) of feasible functions by
meanof ramifiedrecursion. For this, he hasintroduceda
sequenceof predicate� 	 � ��7 � g:g:g correspondingto copies
of � with increasingcomputationalpotential.Çağman,Os-
trin andWainer(Çağman,Ostrin, & Wainer2000)defined



(Constructors)

���� ��� O ("�+) � �+)��

(Functionsymbols)
A[�

f
��� O f � g � h ��g9g:g with fixedarities

(Variables) � �#f ��� O f �9,I�9�K��g:g9g
(Words) �I� 
 � � J ��� O ("�+) � �%JI���+)�����JI�
(Terms) �I� 
@�4A#� ��� � ' ��� O ("�+) � � ' ���:)V�F� ' �>� f � ' 7 � g9g:g � ' < �>� f
(Actualterms) �I� 
@� ��� � � ��� O ("�+)9�0�D�U���+) � �D� �>� f

Figure1: Categoriesof terms
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where � M �I� 
@� ���R G f#� �-H
Restrictionson therules� In

� � -rule,
f

is not freein any premiss.� In
� �"!

-rule, � is anactualterm,i.e. � M ��� 
@� ��� .
Figure2: Logical rulesof ��� .

Introductionrules (V�$h�z(c� $h� ' � ) � �$h�z)9�=� ' �4�
$h� ' � )V�V�$h�z) � � ' �4�

Eliminationrules

Selection

888 . / 1$h�%,-�c� R G ) � �%,-�NH
888 . / 3$h��,F�o� R G )V�F�%,-��H R G (+H�$h� ' �

Sel�%$&�R G ' H
Induction

� ,Ug R G ,XH � $h�%,-�c� R G )9�-��,-�NH � ,Ug R G ,XH � $h�%,-�c� R G ) � �%,-�NH R G (+H
Ind ��$&��Uf g $h� f �c� R G f H

Restrictionson therules:� In Sel�%$&� -rule, derivationsof .=/21 and .0/43 do not usethe rule
�;�"!

. Thevariable , mustnot occurin any assumptionon
which

R G ' H depends.

Figure3: Rulesfor word reasonningin ���I��$&�



�+$h����� �
�+$h�

jckol
�z� �4m �B� � )9*��$h��)+*��

jckol
��� �Bm �4�B�

R$h�
jckol
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jckol

�z� �4m �B�o�i$h�
jckol

��) * ����� �4m �B� � �� �=g $h�z�X� � $h�
j~kol

�z� �4m �B�o�i$h�
jckol
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$h� m �
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Figure4: Concatenation
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Figure5: Multiplication



a two sortedPeanoarithmeticPA � � � in the spirit of Bel-
lantoni  and Cook (Bellantoni & Cook 1992). They char-
acterizethe functionscomputablein linear space,and the
elementaryfunctions. Predicateshave two kinds of argu-
ments: safeandnormal. Quantifiersareallowedonly over
safetermsandrangeoverhereditarybasicterms.In arecent
article (Leivant2001),Leivantsuggestsa new directionby
giving somestructuralconditionsonproofhipothesisandon
inductiveformulas.Therearealsotheoriesof feasiblemath-
ematicswhich areaffiliated to linearlogic. Girard,Scedrov
and Scott in (J.-Y. Girard 1992)have introducedbounded
linearlogic, in whichresourcesareexplicitly counted.Then,
Girard(Girard1998)constructedlight linear logic which is
a secondorder logic with a new modality which controls
safelytheresources.Seealsotheworksof Asperti(Asperti
1998)andRoversi (Roversi 1999). Lastly, Bellantoniand
Hofmann(Bellantoni & Hofmann2000) and Schwichten-
berg (Schwichtenberg ), have proposedfeasiblearithmetics
basedon linearlogic with extracountingmodalities.

Comments

Theseexamplesillustratethatactualtermsplay a role sim-
ilar to terms of higher tier (safe)usedin ramified recur-
sions, as definedby Bellantoni and Cook (Bellantoni &
Cook1992),andLeivantin (Leivant1994b).Intuitively, we
do not assumethat two termsare equaljust becausethey
have thesamevalue.We arenot concernedby termdenota-
tions,but ratherby theresourcenecessaryto evaluateaterm,
or in otherwords,by termintention.Fromthispointof view,
a non-actualtermis unsafe.So,we have no justificationto
quantifyovernon-actualterms.On theotherhand,thereare
no computationrulesassociatedto actualterms,sothey are
safewith respectto polynomial-timecomputation.In away,
this ideais similar to “read-only” programsof Jones(Jones
1999).

Theconceptarisingfromthework of Simmons(Simmons
1988),BellantoniandCook(Bellantoni& Cook1992)and
Leivant (Leivant 1994b),is the ramificationof the domain
of computationandtheramificationof recursionschemata.
Oneusuallycomparesthis solutionwith Russell’s typethe-
ory. Oneunattractive featureis that objectsareduplicated
at different tiers. This drawback is eliminatedhere. It is
amazingto seethat this solutionseemsrelatedto Zermelo
or Quineanswersto Russell’s typetheory.

Lastly, theactualeliminationquantifierprinciplereminds
oneof logic with existencepredicate,in which quantifiers
aresupposedto rangeonly over existing terms. The moti-
vation is to take into accountundefinedterms. Suchlogics
have their roots in works of Weyl (Weyl 1921)and Heyt-
ing (Heyting 1930),andhave sinceextensively studiedand
arerelatedto freelogic.
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